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SELFSIMILAR SOLUTIONS OF THE PROBLEM OF HEAT AND MASS TRANSFER IN A
SATURATED POROUS MEDIUM WITH A VOLUME HEAT SOURCE”

N.KH. ZYONG, N.D. MUSAYEV and R.I. NIGMATULIN

Selfsimilar solutions of a system of stationary equations of heat con-
dunction and filtration of molten material in the presence of a volume
heat source generated by absorption of the energy of electromagnetic
radiation, are considered. The possibility of the existence of a self-
similar solution in the case of various (plane, cylindrical and spherical}
spatial symmetries is studied. The existence of a selfsimilar solution

is shown for the axisymmetric case when the radiation obeys a prescribed
law. The influence of the surface volume heating and convective heat
transfer due to filtration is studied. A solution for the case when the
filtration of the molten phase is quasistationary is also investigated.

1. Let the pores of a solid (first component) be filled, at first, with a very viscous
{becoming solid in the limit) medium (second component), which becomes, when heated, pro-
gressively less viscous {diluted) and tends to expand due to the action of heat conduction
and absorption of high frequency electromagnetic radiation (HFER) (of frequency 1071—107% MHz).
The dilute component may flow under the action of a pressure difference relative to the fixed
porous solid, e.g. in a well. Such a process can be utilized to extract highly viscous
(bituminous) oils /1-4/, gas hydrates, in drying and purifying porous materials, etc.

The thermodynamics and hydrodynamics of the process of heating a saturated medium is
studied using the methods of the mechanics of continuous media, taking into account a possible
phase transition of the first kind, of the melting or solidifying type, for the saturating
{second) component, under the following basic assumptions.

1°. The process of melting takes place at a gecmetrical surface, i.e. at the melting
front of zero thickness (Stefan's idea of the melting process).

29, OQutside the melting front (a surface of strong discontinuity) the distances at which
the parameters of the medium very substantially (e.g. the characteristic lengths of the HFER
energy absorption zone) are much greater than the characteristic pore sizes, and the distances
between them, which in turn are much greater than the molecular and kinetic dimensions (e.g.
the molecular mean free path).

3°. The temperature of the phase and components in each elementary volume of the porous
medium are the same.

4°. The motion of the liquid (molten) phase in the porous medium is inertialess and obeys
D'Arcy's law.

5°. There is no volume change in the solid phase and no deformation of the skeleton of
the porous medium.

The first assumption can be used when the size of the phase transition (melting) zone is
very much less than the wavelength under investigation and the characteristic length of the
problem (e.g. the characteristic length of the HFER energy absorption zone). Under the
second assumption we can study the dynamics of the system consisting of a porous solid (the
first component) filled with a liquid (molten) and solid (non-molten) phase of the second
component outside the melting front, within the framework of a model of three interpenetrating
and interacting continuous media: 1) the liquid (molten) phase
of the second component, 2) the solid (non-molten) phase of the
second component, 3) the first component, i.e. the skeleton of
the roeck. Furthermore, the parameters corresponding to these
media are denoted by the indices (= 1,2,3; the indices m, b
denote the parameters of the medium at the melting front and at
the well boundary; a; is the volume fraction of the i-th phase,

T is the temperature, m is the porosity, =z is the spatial
i coordinate, x, is the well radius (the size of the HFER source),
7 =z z (4 - z,(t) is the coordinate of the melting front in motion, and ¢
n
is the time.
Fig.l Thus in accordance with the above assumptions and notation,
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the front &, (f) at which melting occurs will represent a boundary separating the zone of the
solid porous skeleton (third phase) filled with the molten second component (first phase):
2y <z L T (th oty =m0, =0,03=1—m, I > T, and the zone of porous solid filled with the
solid second component (second phase): I >Zn{f), % =0,8,=m, ;=1 —m, i.e. in the present
scheme we have no zone containing a mixture of the molten and solid second component (the
first and second phase): o, = 0. The characteristic temperature distribution occurring
when the medium is heated, due to heat conduction and absorption of the HFER energy is shown
in Fig.l (the radiation source is situated at the origin of coordinates).

The third assumption enables us to describe the process in question within the framework of
2 single temperature model. This is due to the fact that in the majority of important prac-
tical cases the characteristic time of smoothing the phase temperatures (1071—10 sec) is much
shorter than the characteristic time needed to heat the medium by means of an external heat
source and the characteristic time of the hydrodynamic process (10*—10% sec). The latter
assumption can be adopted when the displacement of the melting front caused by the expansion
of the solid before the front is small compared with the displacement of this surface caused
by the phase transition. In this case the problem simplifies, since the temperature field
before the melting front can be determined without solving the equation of motion.

Under the above assumptions, the equations of continuity, of filtration of the phases and
of heat influx (heat conduction) of the mixture outside the surface of strong discontinuity
(the melting front &, (f)) can be written, for the case of one-dimensional symmetric (plane
v =0, cylindrical v =1 and spherical ~v = 2) motion in the Eulerian (z, #)-coordinate system
in the following form /5-7/:

90, 16, .
it e @ew) =0, =123 (1.1
k@
alvl:'_”ﬁ"?}%" vy=py =0 {1.2)
or ar 1 @ ar

Pe—5 + Hpoy 5 = ?‘57(7“7‘\”‘3‘;‘) + 440 1.3)
a ta, +ay=1, o fa,=m (1.4
%y =0 (1.5)

where py, pi, Y3, €y Bi, Ay a@re, respectively, the density, pressure, velocity, viscosity, heat
capacity and thermal conductivity of the i~th phase, X is permeability, A is the work done
by internal forces and Q is the intensity of the volume heat source. Moreover, the heat
capacity ¢ and thermal conductivity } of the mixture are additive with respect to the masses
and volumes of the phases respectix}ely:

3
pr= g wpeis b= 2 ks (1.6)

Henceforth, we shall consider the case in which the contribution of the work done by
internal forces A towards the temperature change can be neglected (4 <€ Q).
In order to close the system of differential Egs. (1.1)~{1.3) we use the following equations
of state of the phases:
Pr = prolt + B, (71 — po)l, p, = const, py = const 1.7

where P, is the compressibility of the liguid phase.
When the pressure drops Ap L 10° MPa and B, ~ 1073 Mpa~l, we have

vy (p1/0x)
o (ousfoe) ~ PrdP <1
From this it follows that the convection component of the ligquid phase density change can
be neglected. Then from (1.1) we obtain, taking into account {1.7)}, the following linear
equation of pilezoconduction:

zp L &< 2 (1) s . (1.8)
apy % 8 /O __ P
gl | v oz (l dr )EO’ "= mpaf,

where x is the cocefficient of piezoconduction. The problem of the pressure distribution

in front of the melting front (zr > 2, (¢f)) refers, in the present formulation (p, = comst, p, =
const, m = const), to the class of statically undetermined problems, and the above distribution
does not affect the distribution of the remaining parameters.
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The distribution of the heat sources Q appearing as the result of the absorption of the
HFER energy is found from Poynting's equation and the Bouguer-Lambert law for a monochromatic
wave:

Q=—V-R, V.R=RIL (L>0) (1.9)

where R is the radiation intensity vector and L is the wavelength at which the medium in
guestion absorbs the energy of the electromagnetic wave (EW). When a one-dimensional mono-
chromatic wave (plane, cylindrical and spherical) propagates through a homogeneous isotropic
medium, the equation for the radiation intensity and boundary condition at the well has the
form

P R N
sz @R ==——; x=ux, R=R,= 5, (1.10)

Se = May; x0) =1, x(1)=2n, %(2) =in

where R is the radiation intensity at the boundary of the well (z = z,) given in terms of
the intensity N® and surface area S, of the radiator.

Generally, the absorption wavelength for the given medium is determined by the frequency
@ of EW and depends on the pressure p and temperature (F.L. Sayakhov et al (see /1, 3/)
carried out a large number of determinations of the electrophysical parameters necessary to
calculate L for the materials used in petroleum technology; earlier, test measurements of
these parameters were carried out in /4/). It was found that even at a fixed frequency o
the equation for the thermodynamic parameters (l.1)-(l1.7) and equations for Q and the electro-
physical parameter R were interrelated, i.e. they had to be solved together.

Often the effect of the pressure p and temperature on the absorption wavelength L can
be neglected. then, for a fixed ® the quantity L will become an a priori known parameter
which will give at once the radiation intensity R and volume heat source intensity Q in-
dependently of the solutions of the thermohydrodynamic equations:

03] e (- 152) =

Remembering that the EW can be reflected from the melting surface znm(f), i.e. from the
surface at which the electromagnetic properties of the medium become discontinuous, we can
represent the volume heat source for the whole mixture, in the following form:

Ty < < m (1) (1.12)
Rb I, \Y z—
o (2] oo (-5 ¢
z, —, z_ —
g (— Tnpe - It
z > zm (1)
, — z—z,

() o (- 22

8

1 o ag 1 o 2]
(Tl—Tl+‘LT’L—,~—z;+'L?)

Here the parameter H (0 <{ H <{1) characterizes the reflection of the wave in question
from the interphase boundary, and is determined as the ratio of the energies of the reflected
and incident wave. (We have (H =0 for zero reflection, and H =1 for the total re-
flection). We denote the parameters of the mixture (the absorption wavelength) in the regions
of the molten (x, <<z <Czm(!)) and non-molten (2 >zm (f)) second component by the subscripts
l and s respectively. We must also remember that Q@ >0 (k= 1,5) always holds.

The system of Egs.(1.2)-(1.8) (taking (1.12) into account) is closed. It can be used
to study the laws governing the heating of a mediumby heat conduction (a surface heat source
¢,) and absorption of HFER energy (a volume heat source Q). The corresponding mathematical
problem consists of obtaining a solution of the system of Egs.{l1.2)-(1.8) with the:following
initial and boundary conditions:

t=07T=7Ty<Tn (1.13)
z=2xp I =T, or AS,(8T/0z) = —q, (1.14)
mSyPpuvy = & (1.15)
T—> 400, T > T, (1.16)

and conditions at the melting front zn (f):

0 dr dx ;
vlm=( __a) —n,Zn :Flp‘, 1.17)
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T = Ty = const, jl =gq, + g, {1.18)
e 58T . or
g7 — /'[‘EJ;— o=, —0° qs == }"s rre e, 40

Here g, is the total mass flux of the liquid (first) phase, j, I is the intensity and
specific heat of the phase transition, ¢, ¢, are the heat fluxes arriving at the interphase
surface from the direction of the moving and immobile phases, ¢, = g{z,, f) is the intensity of
the total heat flux across the boundary =z = 23, (¢;)>>0 corresponds to the case when heat is
fed in, and ¢, < ( corresponds to the case when the heat is removed, ¢, =0 means that there
is no heat conduction at the well boundary, and the subscript O characterizes the parameters
of the initial state. Eguations (1.17), (1.18) are obtained from the condition of mass
balance and from the guasistatic {(filtration) approximation to the energy balance at the
interphase boundary zm {f). The specific heat of phase transition | representing the difference
between the enthalpies of the phases, is used up by the change in internal energy of the
medium and by the work done by the pressure forces during the phase transition.

We note that in /8/ the energy equation at the interphase boundary has redundant terms
of the form pmeyVimTm, mPyme, T'm (dzn/dt). A detailed discussion of the equation of conservation
at the interphase boundaries is given in Chapter 2 of the book /7/.

In general, the liquid parameters of the first phase at the melting front must be
determined from the condition of phase equilibrium along the line of melting, using the
Clapeyron-Clausius equation for T, (p). Henceforth, we shall assume (see /9/) T == const.

2. Usually, the radius of the well is much less than the characteristic linear dimen-
sions of the problem, and is therefore not realized. In this case the boundary conditions
determining the heat fluxes ¢, ligquid phase flow rate g, and the influx of radiation &,, are
given in the form of the limiting relations {z, —» O}

. - ar
Hm [ 28, (@) G e, | = = 9 @.1)
lim {mSypvl = 25 (2.2}
lim [RyS, (7)) = N@ (5, = 5 (v} a") (2.9)

wWe shall consider, for the system of equations given above, possible selfsimilar solutions
depending on a single variable z = z¥%. The equation of heat conduction in the melting zone
now takes the form

0z am={zn ()P 0 (2.4}
&7 Ay 1) pen ar ¢
Mgt [T’“W+V‘(Z)]‘B‘{+ T =0

. E dpy  © N
V!(z)“aﬂ)lﬁ‘!;; R & (v) 28

-I%?—[i-}—f[exp(—?, M)]exp (u._ﬁ__)

Ll 2 Ll,n/z

For a selfsimilar solution to exist, it is necessary that all coefficients of this
eguation depend only on z and be independent of t. In particular, analysing the second term

within the square brackets of the equation heat conduction, we find that 7 = ~—1, The analysis
of the last term, connected with the absorption of the energy @, ylelds v =1, and
Ly = Vht (b = const), k=15 (2.5)

Therefore, in the discussion that follows, we shall confine ourselves to the axisymmetric
case {v =1, x {(v})= 2n}). The law of variation of the absorption wavelength {(2.5) canbe obtained
by varying the frequency ® of the wave in guestion with time.

We note that without the volume heat sources, i.e. in the case when the medium absorbs
no EW energy {Q == 0), we see from (2.4) that a selfsimilar solution of the problem in question,
taking the filtering motion of the liquid phase of the second component with velocity V, (z2)
into account, can exist for any v = (0,1, and here, as before, we have 17 = —1.

3. 1In order to analyse the eguations given, it is best to introduce the following dimen-
sionless variable parameters which, together with the coefficient of porosity m, determine
the solutions of the problem in question:

a%

=7 e
!

— L % =P o
sy B== ya Pe=th, §=2b (1=1,2,3) (3.9
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(1)1_—.%“:-)‘—[, Bp::ﬁppo, ak*:-—[;':—, '/.*—:—:l— (3.2)
hy* = ’27 Kk=x—(71)"%;, Gi=1:: ,
o= e,
3
(a,,: (9;:;1: , (pc),,—-—-;a,p,-cj, Ak=—’~%Tl'l, k:l,s)

In accordance with (3.1), (3.2), Eg.(1.8) and boundary conditions (2.2) and (1.17) have
the form

0<t<tm (¢ )+ ar =0 t=fw P=Py (3.3)

£ =0, {(@P/d}) = —G,

(the constants {, and P, must be specified). The solution of this problem is determined
by the following expression in terms of the exponential integral function:

0<t<tn PO=Pn—G[Bi (—gs) —Bi(—1z)] (3.4
Pn—1+ m:l L bm—t[1— f;mb exp(_i_v:)]_l (3.5)

The quantity &m will be determined below.

As we have alreddy said, the fact that f, = Ap<<1 impliés that in order to find the
temperature fields 0 ({), we can assume that p; = p,, in (1.3), i.e. we can neglect the
change in density of the liquid (molten) phase caused by a change in the pressure. Then from
(1.3), (1.14), (2.1) and (1.16)-(1.18), taking (1.2) and (3.4) into account, we obtain the
following ordinary differential equations and boundary conditions:

%@%h{éﬁwuﬂ%=—mw>sz) (3.6)
{=0,0=86,0or do/df = —qp*

(@* = g/(2x (V) &)
i |C=C,,,—0 =9 l:=cm+o=1 (3.8)
— G dB/dL s, —o + Gs dB/dL |t 40 =m[4

(3.7)

(3.9)
{— +o0, 8> eo
3.10
0<i<Ctn a*=0a*=1 V,Q)=V,()= :3 “;
—MGbexp(—Z%) M=mB,=0x* “
_|I’ ol
0t =0 =" oxp (— ¥ x
{L+H%P[—7F0Qm“VEﬂ}
t> gmv a*=a,*, Vi (;) =V (C) =
_ 0 e veer G142
Q* Q=@ ) =1 — H) ldz - eXp * %]
The solutions of these equations have the form
0<ECEn: Q) =1Q) +CI. Q)+ D {3.13)
tm i
u©=—§nwmmw,h©=8mww
[4
4
Qe (5) u
F(u) — § -k K= exp[MG,, Ei (- T) — T])
E>n 00 = s(§)+cafs(§)+D, 3.14)
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, t :
(15(;)':: —\F, WX, @ du, J,(5= S X, (u) du
:"L tnl
¢ ere .
Fw=§ S d K@= exp(— g5 ))
S -

where C;,D;, C; and D, are the constants of integration determined by the boundary conditions
at (=0, = ¢, and §— +oo given in (3.7), (3.8) and (3.10). This shows that for the
problem in question the dimensionless similarity criteria are represented by the parameters
(3.2) characterizing, respectively, the ratio of the heat emission to the heat conduction

(K; and K,), the influence of the thermophysical property of the phases (M and a,*), the
ratio of the piezoconductivity to the thermal conductivity (x*), the influence of the mass
transport (Gp), the effect of the electrophysical properties of the medium (h*, A* and H),
the influence of the melting process (G, and G,; see (4.9) below), and also the parameters

8, or g¢,* 0, and m appearing in the boundary conditions. A total of 14 parameters in all
determines the set of selfsimilar solutions in question.

4. 1t can be shown that the following asymptotic expressions hold as {-— 40:

X ()~ i) ~§u~‘/«-ﬂ du @.1)
ar . df
zw—«ds—d?»\'g“, o= MG,

When {-> +o0, the integrals in (3.14) converge. The existence of solutions and the
solution itself of the problem in gquestion, depend on the sign of @G, and the type of boundary

conditions.
a) For G, >0 when the molten material flows from the well (v, >0) and a boundary

condition of the first kind is specified at the well
t=0, 8§ =0, =const >1 (4.2)

the selfsimilar solution of the problem in question exists and has the form

i
0<E<Em 0O =1+LO+ 16—t — 1O S5 (4.3

E> bmy 0(5) =1-1,(0) + 60 —1 — L, (+o0)] —
Js (D (+00)

The pressure field in the molten (first) phase is determined using relation (3.4).
From (4.3) it follows that
B* = —§ (d0/dl)— =

wWhen a boundary condition of the second kind (with a finite, non-zero heat flux) is
specified, then for { = ( the problem has no selfsimilar solution.

b) For G, =0, the molten phase of the second component is not in motion (y; =0) and a
finite boundary condition of the first kind (finite temperature) is specified at the well,
the problem has no selfsimilar solutions. When a boundary condition of the second kind is
specified at the well

£ =0, {(d/dl) = —gp* (4.4)

we have a generalization of the selfsimilar solution of the classical Stefan problem (without
convective heat transport), taking into account the volume heat source

0<T< tm 0(D) =1+ L () + [g* + F (O] T (D) (4.5)
E> bmy 0(0) =141, (5) + 16, — 1 —
1, (+0) J, (D1, (+0)

In this case the temperature field 8 () as {-> +0, tends to infinity as In (1/{).

c) For G, <0, the molten material moves towards the well (v; <{0) and the finite
temperature or finite heat flux is specified for { =0, the problem has no selfsimilar
solutions. However in this case we can use (3.13) and (3.14) to seek a solution for the case
when a generalized boundary condition

L~ +0, {(d0/dl) ~ — g,*0% a = MG, (4.6)
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is specified, where ¢,* is a given constant determined by the asymptotic behaviour of the
incoming heat due to thermal conduction at the well. Then the temperature fields will have
the form

0 E<< Gmg 0 (D) =1+ I (L) + [g* exp (—MG,B) + “.7)
FrO)J: (9

(B=lim [Bi (~u) — In (@)))

E>8Lm B(O) =1+ 1,(0)+ 16, —1—
I, (+00)] J, (DT, (F00)

The solution (4.7) is a generalization of (4.5) for thecase G,<C(0. Formally, (4.5)
follows from the solution (4.7) as G,-+ 0. 1In this case the temperature and the heat flux
both tend to infinity as §— +0.

In order to determine the parameter {,, which provides the law of motion of the melting
front in the form —

Lm (t) = VCmalt

we obtain, from the equation of energy balance at the interphase boundary om (t) (3.9),
taking into account (3.13) and (3.14), the equation

Glcl (;m) X (gm) -+ Gscs (Cm) X, (;m) _ m/4

For porous media we have, as a rule, %> @;. Therefore, remembering that ** — o0,
we can simplify the relation X;(#) in the course of determining the temperature distribution

(see (3.13)) thus:
X, (u) = u™t+* exp (—ul4)

This approximate distribution of the temperature of the medium corresponds to the
solution of the equation of heat conduction (3.6) with the following velocity field of the
molten material: V,({) = —MG,/f, which corresponds to the solution of the equation of piezo-
conduction (1.8) in the quasistationary approximation (dp,/9t = 0) when the pressure field can
be represented in the form P ({) = Pw — Gy In (§/Lm).

Let us analyse the solutions (4.3), (4.5) and (4.7). We obtain from (4.3), after dif-
ferentiating, i.e. when G,>0 and » >0,

a0 0, —1—1,(0
0<t<t, =% [ro-2 o)

This implies that when no EW energy is absorbed by the medium (Q =0), the function 6(})
in the region occupied by the molten phase of the second component (0<{< %y is concave and
decreases uniformly from 6, to 1. When a volume heat source is present (¢ >0), the function
6 () may become convex and non-monotonic. Moreover, 6 ({) cannot have more than one maximum.

Fig.2 shows the characteristic temperature profiles of the medium 0 ({)b in the region
occupied by the molten material (0 (<) for @G>0 and various intensities of the volume
heat source Q. Curve 1l corresponds to the case Q= 0. When Q increases, e.g. as a result
of an increase in ~N®, a maximum appears in the distribution 6 (f) and the convexity of 6 (¢)
becomes more pronounced (curve 3). Curves2and 3 in Fig.2 correspond to the case ¢>0. 1In
all cases the melting front corresponds to the point §, = z,2/aq:.

It can be shown that the solutions (4.5), (4.7) are physically meaningful only when ¢, > 0,
since otherwise from (4.5) and (4.7) it follows that when [ — + 0, the temperature 6 ({)
becomes negative and tends to infinity as Iln§ and —({* (@ = MG, respectively.

However, in this, and other such cases, the solutions of the problem can be studied using
a two-front formulation /9/.

Fig.3 shows characteristic profiles of the temperature fields and of the medium 6 (} in
the region occupied by the molten material (< (< {,) for the cases 6,=0 and G,<0 (the
first relations in the solutions (4.5) and (4.7)). When ¢ =0(Q>0), the temperature of the
medium at the centre ¢ (0) is finite (curve 1) inboth cases. When > 0(Q > 0) the temperature tends
to 400 (curve 2 in Fig.3).

5. We find that within the model of discontinuity adopted here, separating the solid
(non-molten) and liquid (molten) phase of the second component, the thermohydrodynamic
processes within the region occupied by the liquid phase (0 < {< {m) affect the heating
process within the solid phase ({ > {m) only through the dynamics of the melting front z, (t),
namely through the parameter [, We see from the solutions (4.3), (4.5) and (4.7) that the
temperature distributions of the medium in the region occupied by the solid second component
(§ > tm) have the same form for all three cases (G, >0, G, =0 and G,<<0)- The solutions
also imply that in the region §{>> {,
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From this we can obtain the condition for non-existence of a zone of superheated solid
{non-molten} phase of the second component (the condition that the temperature field of the
medium 6 ({) does not increase with respect to [ when { > )

I (+oo)+1—8,0 (I, (+ o) <0) (5.2)

When no EW energy is absorbed by the medium (Q == 0), we have I,(+o) = (. Therefore the
condition (5.2) always holds by virtue of 8,<{1. In the presence of a volume heat source
(@ >0) we have I,(+)<<0. The quantity I,(+o) decreases as Q increases, and this can
lead to violation of condition (5.2) and hence to the loss of the monotonic form of the
temperature field of the medium in the region ¢{ » {,,, i.e. to the appearance of a zone of
superheated solid second component ({m<C{<< 8y, 0(L) >1 where 8 (g, = 1)

Fig.4 shows the characteristic profiles of the temperature fields of the medium 8 ()
in the region { > {,, for the different intensities of the volume heat source {. Curve I
corresponds to the case @ =0, curve 2 to the case when there is no zone of superheated
solid second component (second phase): 8 () <{1, and curve 3 corresponds to the case when
there is a zone of superheated second phase: [n<C{<C{y, 8(0)>1 (L (+oo)+1—8,<<0) (in
the last two cases @ >0). In (z,t) coordinates the size of the zone of superheated second
phase increases with time according to the law (¥ §, — ¥V im) V). When 6,=1, we see from
(3.13) and (5.2) that for any (@ >0 the zone of superheated second phase will be of infinite
size since in this case we have for any { > {m, 0 (&) > 1.

It should be noted that the presence of a zone of superheated second phase (non-molten
second component) implies that the model of discontinuity (Stefan scheme) separating the
solid (non-molten) and liguid (molten) phase of the second component cannot be used to
describe the phenomenon in question. 1In this case, in order to carry out a mathematical
modelling of the process we must replace the melting surface by a two-phase zone of melting,
of non-zero thickness. The liquid and solid phase of the second component will exist simul-
taneously within this zone (a,a, %0} and the temperature will be equal to the melting
temperature (8 = 1),

6. selfsimilar solutions of a more specific system of differential equations of heat
conduction and filtration of a molten material without volume heating (¢ = 0) were studied in
/8/ for the plane, and in /l0/ for the axisymmetric case. The selfsimilar solution of this
problem was studied, taking into account the convective heat transport caused, as in Sect.
2-5, by the difference in the densities of the solid and molten phase of the second component.
The selfsimilar solution of the problemwithout filtration (v == 0) and without convective heat
trangport in the equation of heat conduction, was obtained in /11, 12/. However, an erroneous
equation of energy balance at the interphase boundary used in /8/ (see the discussion of Eq.
{(1.19)) has led to an incorrect value of ,, and hence to an incorrect determination of the
law of motion of the melting front z, () =V Imait- The golution of the equation of heat con-
duction in the molten phase zone of the second component (see (3.6}, (3.11)) obtained in /10/
for the case G, <0 and *=0,is also incorrect. Moreover, the problem in the mode shown,
when the molten material flows in the well and the final boundary conditions of any type (the
final temperature or final heat flux) are given, has no solution when {=(0. The analysis of
the existence of the solution of the problem and the solution itself, when Q= 0, for the cases G, < 0,
6= 0 and G,>0 when follows from Sect.2-5 of this paper when Q;* ()= Q.* ({) = 0 ({; (§) = I, ({) = 0).

7. We can single out two limiting cases. In the first case the second component is in
the liquid state everywhere (¢, = m>0, a;(z, 1) = 0). Then we must put (¢m= - e in the solution
in gquestion, and we have
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When a finite pressure is given at infinity, the problem has no solution in the quasi-
stationary approximation (sp,/ot=0) for G, =0{n<-0)., When & = 0(; =0), we have a trivial
stationary pressure field P ({)= Pp = Py=1 (Po= P (L — ).

If we take into account the dependence of the viscosity of the liquid phase of the
second component on temperature, the temperature and filtration equations will depend on each
other and the equation of piezoconduction (1.8) will become non-linear.

In the second limiting case there is no liquid phase of the second component and no
melting @ (2,8 =0, ag=m, vy =0, G = 0, [, = 0, and the temperature distribution is given by (3.14).
Here we have

Fow)={ X1 ()0, &) a8
1

The selfsimilar solutions of the resulting system of differential egquations can be used
to analyse the characteristic features of the phenomenon in question, to assess the heating
of the medium, the velocity of motion of themelting front, etc. They can also be used to
test the validity of various approximations and numerical solutions of the complete system
of equationms.
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